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Time Series Analysis
We discuss techniques for modeling univariate time series.

These are used, for example, for short—term prediction of asset prices or
to test market efficiency.

We focus on linear AutoRegressive Moving Average (ARMA) models,
which is the most commonly used class of models.

Financial data typically exhibit a more complex structure than can be
captured by these processes, but they serve as a useful starting point.

The concepts used to study these models are also employed in other
contexts.



Time Series Analysis

A time series is a stochastic sequence of random variables,

{Y}?i—oo — { . 7Y—27 Y—17 Y07 Y17 Y27 .

The index t of Y; refers to time.

We will just write “time series Y;" rather than {Y;};cz.

In practice, we only observe a finite segment, e.g.,
{Y1,...,Yr},

of a single realization of a time series.
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e Therefore, in order to have any chance of understanding the system,
and predicting the future, we need to assume some a priori structure:
stationarity.

e Stationarity may be viewed as a kind of “statistical equilibrium’ .}

1Box, Jenkins, and Reinsel (2008), Time Series Analysis. Forecasting and Control, 4e, John Wiley &
Sons, p. 24.



Strict Stationarity

e The joint distribution function (cdf) of a finite set of random variables
{Y:,,Y1,, - ,Y:,} from the collection {Y;}.cz is defined by

By, Yigseo Vi (Y15 Y25 - - - Yn) (2)
= Pr(Yy, <u1,Ys, <vo,oo o, i, <) (3)

The system of finite—dimensional cdfs uniquely defines a stochastic
process.

e A time series is called strictly stationary if
By, Yigseo Vi (Y15 Y25 Yn) (4)
— Fn1+h,n2+h,,}/%n+h<yl7 y27 R 7yn>7

where the equality must hold for all possible finite sets of indices

ti,t2,...,t, and h € Z and all (y1,y2,...,yn) in the range of the
random variable Y;.

e Note that the indices ¢4, to,...,t, are not necessarily consecutive.



Strict Stationarity
e For example, take n = 1.

e Then we simply have

Fy,(y) = Fy,(y) for all s and t (and all y).

e This means that the process has the same marginal distribution at each
point of time, and we can hope to learn about the properties of the
distribution of Y; by treating the observed segment as a (although not
independent) sample from the same distribution.



Strict Stationarity

Now take n = 2.

Then we have

FYS,Yt(ylay2) = FYs-l—haYt+h(y1’y2) for all s and ¢ and h.

This means that the dependence structure between two variables of a
time series (as embodied in their joint distribution) depends only on their
“distance in time”, i.e., |s — t|.

It does not depend on h. That is, the dependence between the return
today and the return tomorrow is the same as that between the return
in two weeks and the return in two weeks plus one day; here |s —t| =1
and h = 10 (ten trading days).

This is useful since in general we are doing time series analysis because
we are interested in conditional distributions, i.e., the distributions of
future returns given the return path up to now.



Strict Stationarity

e More generally, strict stationarity thus implies that all the multivariate
distributions for subsets of n variables in (4) must agree with their
counterparts in the shifted set for all A.

e That is, their joint distribution depends only on the distance between the
elements t1,to,...,t, € Z, and not on their actual values.



Weak Stationarity

e A somewhat different concept of stationarity is weak stationarity, or
covariance stationarity, or wide—sense stationarity, or second—order
stationarity.

e This imposes conditions on the first two moments of the series.

e That is, time series Y; is weakly stationary if

(1) the mean function is constant and finite, i.e.,
pe = E(Yy) = pu<oo forallt, (5)

and
(2) the autocovariance function,

Y(s.t) = Cov(Ys, i) = E(YY;) — E(Y.)E(Y)), (6)

exists and depends only on the distance in time, 7 = |s — t|, between
the two random variables.



e Condition (2) for s —t = 0 requires that the second moment (and hence
the variance) is finite and does not depend on time, i.e.,

E(Y?) =:7(0) < oo for all ¢. (7)

e If (7) holds, we also have (Cauchy—Schwarz inequality)

E(ViYior)| < JEQRPE(Y? ) = E(Y?) < cc.



Weak Stationarity

For a weakly stationary process, we can thus define the autocovariance
function at lag 7 € Z, ~(7),

V(1) = Cov(Yy, Yir) = E(ViYir) - E(YH)E(Yi—7)
— E(Y;S}/t—T) o EZ(}/t)a

and the autocorrelation function

() o= SV Vi) | E(VYir) —E(¥) _ a(r)
T V) TR B O

Clearly v(7) = v(—7). Thus, it suffices to consider 7 > 0.
In the following, it is always understood that 7 > 0.
The sample autocorrelation function (SACF), to be defined below,

provides an indication of the extent to which it is possible to forecast a
series from its own past.
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Example: White Noise

e A (weakly) stationary time series {€;} is white noise if

uw = 0, and
o2 forT =0
(1) =
0 forT#0,

that is, it is an uncorrelated zero—mean process.

e For example, if {¢;} is independent and identically distributed (iid), then
it is strict (or independent).

e \White noise processes are important building blocks to construct more
complex time series.
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Weak and Strict Stationarity

The terminology suggests that weak stationarity is a weaker property than
strict stationarity, or that strict stationarity implies weak stationarity.

Due to the “< 00" part of the weak stationarity condition, this may not
be the case, however.

For example, if Y; is iid but follows a Cauchy distribution? with pdf

1
fly) = Tt

then even the mean does not exist.

This process is strictly but not weakly stationary.

A strictly stationary process with finite first and second moments is
weakly stationary.

2This is a Student’s ¢ distribution with one degree of freedom.
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Weak and Strict Stationarity

e A process {Y;} is a Gaussian process if all the n—dimensional random
vectors in (4) have multivariate normal distributions.

e A Gaussian white noise process is called Gaussian white noise.
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The Partial Autocorrelation Function

In addition to the ACF, the partial autocorrelation function turns out
to be useful for the identification of time series processes.

The ACF at lag 7 measures the unconditional correlation between
Y; and Y;_, without taking the influence of the intervening variables
Yi—1,Ys—9,..., Y41 Into account.

The partial autocorrelation between Y; and Y;_,, denoted by =(7),
reflects the net association between Y; and Y;_. over and above that
part of the association that results from their mutual relationship with
Yio1,..., Y r_1.

More precisely, the partial autocorrelation between Y; and Y;_, is the
simple linear correlation between Y; and Y;_, after removing the linear
effects of variables Y7,...,Y;_,.
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The Partial Autocorrelation Function

e Suppose we attempt to linearly approximate Y; by Y;_1,....Y;_,_1,
T—1
V=) ai¥i, (8)
i=1

where the coefficients of the best linear approximation may be obtained
by minimizing the mean squared error®

T—1 2
E(Y; —Y;)’=E (Yt -y aYt> . (9)
1=1

3Think of this as a population version of linear regression.
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The same can be done for Y;_ .,

T—1
i = Z ath—T—H'a (]-O)
i=1
and it turns out that the coefficients a;q,...,a-_1 in (8) and (10) are

the same due to stationarity.

e The partial autocorrelation at lag 7 is then defined as

and, for 7 > 2
7 (1) = Corr{(Y; = Yy), (Vi — Yi_ )},

l.e., it is the correlation between Y; and Y;_, after removing the linear
effects of Yy _1,...,Y:_,11.

e Several simple examples will be considered below.
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Moving Average (MA) Processes

A moving average process of order ¢, or MA(q) process, is defined by

q
Yi=p+ Zeiet—i + €,
i—1

where {¢;} is a white noise process.

At time ¢, the process is a weighted average of ¢, ..

through time; thus the name.

(11)

., €t—q, Which moves

Occasionally, it is convenient to define 6y = 1, so that

We can calculate

q
Yi=p+ Z 0i€t—i.
i=0

(12)
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and

e Now

e [he variance is

- .
(Z (97;6t1> Z Oj€t—r—j
| \i=0 7=0

— Z Z HiejE(Et—iet—T—j)'

0% 55004, for T <gq
0 for 7 > q.

q
1(0)=0") 63,
1=0

fort—i=t—7—-—j&i=74+]
0 1#*7+47,
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and the ACF

9I=T .9,
i=0 VITT Lo 7 <
p(r) =1 S0 =4 (13)
0 for 7 > q.

e We observe that the ACF of an MA(q) process cuts off after lag q.
e Finite—order MA(q) processes are weakly stationary.

o If {¢;} is Gaussian white noise, the marginal distribution of {Y;} is
likewise normal and the process is also strictly stationary.
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Moving Average (oc) Processes

e We also define stationary infinite—order moving average, or, in short,
MA(oc), processes, i.e.,

Yi=p+e +29¢6t—¢, (14)
i=1
provided that
> 16s] < oo,
i=1
l.e., the sequence of MA-—coefficients, 6;,7 = 1,2,..., is absolutely

summable.
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e In this case, we can compute the moments (proceeding in the same
manner as for finite—order MA(oc0) processes) as

EY)) = (15)

7(0) = 0229?7 (16)

¥(r) = *) 0ibiir, (17)
1=0

plr) = EEETE (18)
1=0 "1

o If {¢;} is strict (independent) white noise, then process (14) is said to be
a linear time series.

21



The Partial Autocorrelation Function of MA Processes

e Consider the MA(1) process,

Yt — 9675—1 + €¢, (19)
with
(146202, 7=0
NGEREE T =
L0, T > 1,
and 9
p(T) = T for r =1 (20)

and p(7) =0 for 7 > 1.

Now Y; depends on ¢; and ¢;_1, and Y;_5 depends on €;_5 and €;_3, so
there is no correlation at all between Y; and Y;_5: no “raw’ correlation,
no partial correlation, no whatsoever correlation, right?
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e However, when it comes to partialling out Y;_1, we have

Yo Yo
SN N TEr i R (21)
Yio1

so that we may actually generate some dependence when involving Y;_ .

e The coefficient o of the best linear approximation is determined by

minE(Y; —aY;_1)? = (1+a?)EY?) — 20E(Y;Y;_1)

E(VY, 1) 0
:> p— p— — 1

and by stationarity the same result is obtained for the approximation of
Yi_o.

e [hen the second—order partial covariance between Y; and Y;_s is

E(VYi) 2 =0
E(Y?) 1+6%

PCov(Y;, Yi-2) = E{(Y—aYs—1) (Viea—a¥;1)} =

23



and thus, since

21 +6%+6°

Var(Y} — OéYt_1) — Var(Yt—Q — aYt—l) =0 1 + 62

the second—order partial autocorrelation of the MA(1) process,

P
2) = .
") =T e

In general, for the MA(1) process,

B (_1)T+197 B (—I)T—H@T(l — 92)
m(r) = 1+624+604+---+0627 1—620+D

e The general pattern for MA(q) processes is

— the autocorrelation function cuts off after lag q,
— the partial autocorrelation function tails off.

Y
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Autoregressive Processes

e An autoregressive process of order p, abbreviated AR(p), is of the form

Vi=d1Yic1+ Yo+ -+ 0,Yip + €, (22)

where ¢; is white noise with mean zero and variance o?.

As written in (22), the mean of the process is zero. If the mean p is not
zero, we may write

Vi=p+d1(Yier —p) + o2(Yio —p) + -+ ¢p(Yep — p) + &, (23)
or alternatively
Vi=cet¢r1Yii+ Yot +¢pYip + 6, (24)

where

c=p(l—¢1—g2— — ¢p). (25)
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Lag Operators

e The lag operator L is defined as

Ly = yi—1. (26)

We have

) Ly, = L(Ly:) = Lyt—1 = yt—2, LYt = Y14

ii) For constant ¢, Lc = ¢, and L(cy;) = c¢(Ly:) = cyz_1.
(iii) L(ys 4+ x¢) = Ly + Lxy = y¢1 + T4 1.
(iv) An example of a lag polynomial is

(1=ML)A—=XL)y: = {1— (M + X)L+ AL}y,
= Y — (M + A2)yr—1 + A Aayr—2.
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e Consider the first—order autoregressive (AR(1)) process, which upon
repeated substitution yields

Y = C+ QU1+ (27)
= c(1+¢)+der1+ e+ O*Yi_2

T—1 T—1
= C Z o'+ Z d'er—i+ @Y.
i=0 i=0

If |¢| < 1 and 7 — oo, we obtain an MA(co) process,’

o)
— C i
yt_1_¢+z¢€t—i° (29)
1=0
*Recall that
T i_1_¢7+1 . T Z._oo i 1_¢’7’—|—1_ 1 |
iz::()¢_ 1—¢ Tlgroloiz::()¢—iz::0¢—7_lgrolo 1= o —1_¢|f\¢|<1, (28)
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On the other hand, using lag operator notation, (27) can be written
ye — dy—1 = (1 — oL)yy = c + €. (30)

e Comparison of (29) and (30) suggests that, if |¢| < 1, we can invert and
expand the lag polynomial according to a geometric series,

1 >
-1 _ 1T
(1—o¢L) _1—¢L_;¢L’ (31)
so that
1—-9¢L)yy = cH+e
o C €¢

L Ny S >y
C - i

= 1_¢+;¢(L€t)

C = i
— 1_¢—|—;¢€t_7;.
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e For our purposes, the operator L can formally be manipulated as if it
were a number with absolute value 1.

e The MA(oco) process has absolutely summable coefficients and is the
stationary solution of the AR(1) process with ¢ < 1. The moments of
this process follow from (15)—(18), namely,

o0 . 0_2

10) = ) =10 (33)
1=0
> 2 T

) = Py = (34
1=0

plr) = & (35)

e Note that the ACF decays to zero geometrically with rate ¢, which thus
can be viewed as a measure of the memory or persistence of the process.
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AR(1) with 9= 0.9

0 10 20 30 40 50 60 70 80 90 100

Observations close together in time are positively correlated with ¢ = 0.9.
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AR(p) processes

e For the AR(p) process,
Yi=01Ye 1+ 02Ye o+ -+ OpYi_p + €,
we can write
(1= ¢1L — ¢oL® — - — ¢, LP)Y; = &,
or, defining the lag polynomial ¢(L) =1—>" | &;L",

O(L)Y: = €. (36)
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e Let the roots of the characteristic polynomial

P(2) =1 — 12 — oz® — -+ — Pp2F (37)
be denoted by zi,...,2, and the roots of the reverse characteristic
polynomial

Po(zY) = 2P — P =y 1z — gy (38)

be denoted by Ay,..., Ay, where \; =1/z;,i=1,...,p.
e Assume that
|z >1, i=1,...,p, ie, ¢(z)=0=|z] > 1, (39)

i.e., all the roots of ¢(z) are outside the unit circle, and thus those of
the reverse polynomial are inside the unit circle.

e We can then invert the lag polynomial to get a stationary MA(oo)
process.

32



e Factorizing the characteristic polynomial,

Since ¢(0)

G(z) = 1— 12— oz” — - — Pp2P
= (—¢p) H(Z - 2).
i=1
— 1, we have
p
(—¢p)(=1)P [ ]z =1,
i=1

||
—
—
|
>
&

(40)

(41)

(42)
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e We can then write Y; as a stationary MA(oo) process,

Yo = o(1) et o(L) e (44)
— C €¢
B 1_€b1_§b2_"°_¢p+(1—>\1L)(1—)\2L)...(1_>\pL)
C oo
B 1—¢1—¢2_..._¢p+;916t—i' (45)

e Condition
|z >1, i=1,...,p, ie, ¢(z) =0=|z] > 1, (46)

is also referred to as the stationarity condition for the AR(p) process.
If it is satisfied, a stationary solution exists and is given by the MA(o0o)
representation.

e |t is also the stability condition for the difference equation associated
with the deterministic part of the autoregressive equation.
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— For example, for the AR(2) with ¢ =0,

% _ €¢ _ 1 )\1 _ )\2 c
! (1—ML) (1 —=XL) M= X |1—-ML 1-XL]| "
1 > . . .
— > AT = MY L
AL — A2 i
_ i (A =25 o
MM
=0;

— For more concreteness, consider the process
Y, =0.7Y,_1 —01Y;_o+¢, or (1—0.7L+0.1L%)Y; = ¢,. (47)

— The (reverse) characteristic equation of this process is

0.7++0.49-04 0.7+0.3
2 - 92

A —07A+01=0= A0 = , (48)
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or Ay = 0.5 and Ay = 0.2, and the inverse roots are z; = 2 and z9 = 5.
As A1 and )Xo are both smaller than one in magnitude (hence z; and
2o are larger than one in magnitude), the process is stationary. To find
the stationary MA(oo) representation, we factorize the lag polynomial

as

1 —0.7L+0.1L"

and inverting and

= 0L — 2)(L — z) = 01212 (1 _ 5) (1 _ £>

= 0.1 x5 X 2(1 — )\1L)(1 — )\QL) = (1 — )\1L>(1 — )\QL)
= (1-0.5L)(1 —0.2L),

(1—0.5L)(1 — 0.20)Y; = €,

expanding the lag polynomial gives the MA(oo)
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representation as

v € 1 0.5 0.2
p— p— —_ €
! (1-05L)(1—-02L) 05—-02\1—-05L 1—02L) "'
1] & . . . >0 . .
= — 0.5/ — .21 Lie, = — 0.5t — 0.2 ¢, .
0.3 < ( ) L'ee = 53 Z ( ) e
1=0 1=0
= 0.5+ — 0.2i+1
— Z Qiet_z-, where (9@ = , 1= O, 1, 2, ce
g 0.3

— Note that Y; depends only on current and past values of the white
noise process {¢;}, so that

COV(}/t, Et_|_7-) = E(}/tet—l—T) = O, T > 0. (49)

e |f the stability condition is satisfied and the process is allowed to be
initialized in the infinite past, or is assumed to be initialized with its
stationary distribution (moments), it is stationary.

e Otherwise, (46) guarantees that it converges rapidly to stationarity, and
is termed asymptotically stationary.
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e If the innovations ¢; are Gaussian white noise, the stationary distribution
is likewise Gaussian.

e The coefficients 6; in the MA(co) representation Yy = e + > .- 0ier—;
are also called the impulse response coefficients of the process, since
6; shows the impact of a shock (impulse) in period ¢ — i on the system'’s
output in period t.
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Calculating and characterizing the autocorrelations of a

stationary AR(p) process: Yule-Walker equations

e In principle, the moment structure of an AR(p) process could be
calculated from its MA(oo) representation, but this is very cumbersome.

Alternatively, we can use the Yule—Walker equations.

The process is

Yi= 011+ @2Yi o+ -+ 0pYi—p + €.

Multiply by Y; ., 7 > 0 and take expectations,

E(EE—T) — qblE(Yt—l}/t—T) T Cpr(Yt—th—T) + E(Et}/t—T)'

That is, for = = 0,

7(0) = Z ¢y (i) + 0,

(50)

39



and for 7 > 0,
p
V(1) =) giv(T — ), (51)
i=1
which carries over to the autocorrelations, i.e., for 7 > 0,
p(1) = ¢1p(T — 1) + Gap(T = 2) + -+ + pp(T —p),  (52)
and for 7 > p, the ACF follows a pth order linear difference equation.

e For constantscy,...,c, to be determined from the first p autocorrelations
p(0), p(1),...,p(p — 1), the solution of this difference equation can be
written as®

p(r) =cA]+--+cA), 7=0,1,..., (53)
where A1, ..., \, are the roots of the reverse characteristic equation
Po(a7N) =P — g1 = et R — Gy iz — g, =0, (54)

Here we assume that the roots are all distinct. In case there are multiple roots, (53) has to be modified
slightly, but the central message remains unaffected.
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and, by the stationarity condition, |\;| < 1,i=1,...,p, so

lim p(7) = 0. (55)

T—00

e Thus we observe that the ACF is described by a mixture of damped
exponentials (real roots) and damped sine waves (complex roots).

e In particular, the ACF of AR processes dies out gradually and, in contrast
to MA(q) processes, does not cut off after a specific lag.

e The speed of convergence in (55) is governed by max;<;<,{|\i|}, so the
largest root in magnitude of the (reverse) characteristic polynomial may
be taken as a measure for the memory of the process.
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Example 1: Consider the AR(2) process

Y, =1.4Y, 1 — 0.48Y;_o + €.

(56)

The roots of the polynomial z? — ¢z — ¢ are given by 0.8 and 0.6, so
the solution is of the form

To find coefficients ¢; and cs, we first note that p(0) = 1.

p(T) — 610.8T + 620.67,

T > 0.

Moreover, the Yule—Walker equation for 7 = 1,

gives

p(1)

/0(1) — ¢1&(9)—|—¢2,0(1),

1+

1.4
48

= (0.946.

(57)

(58)

(59)
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e \We then solve

c1+ez = 1(=p(0)) (60)
0.8c1 +0.6cs = 0.946(= p(1)), (61)

which gives ¢; = 1.73 and ¢; = —0.73; thus, the ACF of process (56) is

p(T) =1.73 x 0.87 — 0.73 x 0.67. (62)
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e Example 2: Y; =
This is a process with complex roots 2z /o = 0.5 £ 10.8.

Yi1— 08 o+«

e The correlogram of this process has a distinctive cyclical pattern

associated with complex roots.

generate time series with moderately regular cycles.

0.8

0.6

04

0.2

O

ACF example 2

25

This illustrates how AR processes can
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Partial autocorrelations of AR processes

e For the AR(1) process Y; = ¢Y; 1 + €, the second—order partial
autocovariance Is

E(Y; — ¢Yi—1)(Yia — ¢Yim1) = ~(2) — 2¢y(1) + ¢*7(0)
= ~(0)(¢* — 2¢° + ¢°)
= 0.

e The general pattern for AR(q) processes is

— the autocorrelation function tails off,
— the partial autocorrelation function cuts off after lag p.

e Compare this with the MA(q) case.
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Autoregressive Moving Average (ARMA) Time Series

Models
ARMA(p, q) is given by
S(L)Y; = 0(L)e, (63)
where the lag polynomials
B(L) = 1—iL—ol?— - — L7 (64)
O(L) = 1+60,L+0,L°+ --+0,L% (65)

Assume that ¢(z) and 6(z) have no roots in common.

Mixing MA and AR parts often leads to more flexible models with less
parameters than using pure MA or AR models.

As MA processes are stationary, the stationarity of an ARMA model
depends on the autoregressive polynomial ¢(z), and the stationarity
condition is identical to (46).
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e If the stationarity condition holds, we can invert the lag polynomial ¢(L)
to obtain an MA(oo) process,

€. (66)

e For example, consider the ARMA(1,1) process,

Yi = ¢Yi 1 + 061 + €, (67)
which can be inverted
1+ 6L =~ i
Y, = Lt (1+9L);¢Let

= &+ (0+9)) ¢ e (68)
1=1
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Autocorrelations of ARMA processes

The autocorrelations could in principle be obtained from the MA(o0)
representation.

An important device in time series analysis is to write higher—order
models in first—order vector form.

This simplifies things greatly for the ARMA (p,q) model and is also
useful in other contexts, such as the derivation of forecasts.

Write the ARMA(p, q) process as

X =AX_1+ Uy, (69)
where® X, = (Y, Y 1,... Y1, €t €6—15 - - €t—q+1)v
€¢
A — ( ﬁn ﬁu ) U, = 0(p—€1)><1 (70)
21222/ (pyq)x (p+q) t
0(q—1)><1

OFor processes with nonzero mean pu, replace all the Yz by Yy — u, Yy 1 by Y;_1 — 1 and so on.
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( ¢1 P2 @3 Gp—1 Cbp\

1 0 0 0 0 0, 0,

O 1 O 0 0 0O O

All_ 0 0 1 0 0 ) A12_ : :

; ; S 5 ; 0O O

N0 0 0 - 1 0/
01%(g—1) 0 )
Ag = 0,y Agy = q . (n

where I,_; is the identity matrix of dimension ¢ — 1.
e For a pure AR(p) process, X; = (Y3, Yi—1,...,Yi—pt1)’, and A = Ay;.

e Note that, by block triangularity, the characteristic equation of matrix A
IS

det()\Ip+q — A) = det()\lp — All) det()\Iq — A22) = \? det()\lp — All),
(72)
i.e., the nonzero eigenvalues of A are the eigenvalues of Aq;.

e |t turns out that the eigenvalues of matrix A, are identical to the roots
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of the reverse characteristic equation’
W= o, =0, (74)

so the stationarity (stability) condition can equivalently be phrased in
terms of the eigenvalues of matrix A;; (which have to be smaller than
unity in magnitude).

e The powers of matrix A go to zero geometrically if and only if the
maximal eigenvalue of A is smaller than one in magnitude.

e Consider the AR(p) process
Xt =AnXi—1 + U, (75)

where U; = (€,0,...,0). Iterating this, we can obtain the MA(c0)

7E.g., for p = 2,

A11:< ¢11 %2 >, det( A:fbl _;\b2 ) :>\2—¢1>\—¢2. (73)
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representation

X; = A} Xi o+ AU+ U = A} Xy 3+ A3 Uyi_o + A U1 + Uy
T—1

= AnXye .+ Z AUt

1=0
@)
7
— E A11Ut—i7
1=0

and from the structure of U, it follows that the coefficient of ¢;_; in the
MA(o0) representation of Y; (i.e., 6;) is just the top left element of the
matrix Aj;.

e A similar argument can be made for mixed ARMA(p, q) processes.
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e For an m x n matrix A and an p X ¢ matrix B, this is defined as the
mp X ng matrix

allB algB s alnB
A 2 B — CL21B CLQQB s CLQnB
am1B  ameB -+ amnB

e Important rule in time series analysis:
vec(ABC) = (C' ® A)vec(B),

where the vec operator stacks the elements of an m X n matrix A
columnwise into an mn column vector, e.g.,

vec =(1,2,3,4,5,2,7,8,1). (76)

W N
N Ot =
= 00 =
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e From (69),
X X! = AX, 1 X,_ A +UU + AX, U +UX]_ A (77)

Note that E(X:;_1U;/) = 0, and so, by stationarity, (E(X:X;) =
BE(Xi1X{_1)),

E(X,X!) = AE(X,: X)) A" + E(U,UY), (78)

where the covariance matrix of Uy,

1 1
Yy = E(UU)) = o O<p—11>><1 O<P—11>X1 . (79)
O(g—1)x1 Og—1)x1
Vectorizing, and solving,
vec(E(Xe X)) = (L (prq)x(prq) — A ® A) "' Ty, (80)

and the top left element of E(X; X)) is E(Y}?).
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e E(X,X]) also has the first p—1 cross products E(Y;Y;—1), ..., E(Y1Yi—p+1).

e All autocorrelations can be calculated by the Yule-Walker equations, for
T > 1,

E(XeX,_;) = AB(Xi1X;_ )+ EUX,_,),
™0
SO
E(X: X, ) = AE(X.X))
E(X. X, _,) = AE(X,_1X,_,) = A’E(X, X))
:E<XTX;_1>
E(XtXé_T) — ATE(XtXé),

and E(X:X}) has been calculated above.

e For an ARMA(p, q) process, both the ACF and the PACF gradually
die out (i.e., do not cut off).
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Invertibility

Consider the MA(1) process Y; = f¢;_1 + ¢4, ¢ ~ N(0,0?), with lag—one
ACF g

) =g

Now consider the MA(1) process Y; = 0c, 1 + &, € ~ N(0,52).

Assume

Ny
|
S
—_

Then for the Y;—process

~

e N
1462 1+46-2 1462

~ 1
5(0) — <1+92>52=(1+—) 0267 = (1 + 02)02,

6)2
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l.e., both processes have the same moments, so there is a lack of
identification.

e To avoid such problems, we focus on models with || < 1, or, more
generally, on models where the MA polynomial §(z) = 1+612+---+6,24
has all roots outside the unit circle.

e The MA polynomial can then be inverted (thus the term invertibility),
and the ARMA(p, q) process written as an AR(o0).

e E.g., for the MA(1),®

Y;
1+ 0L

=Y, — 0V, 1+ 0°Yg— = ¢

SFor 16] <1, (1 +0L) 1 =°,(=60)'L' =1 — 6L +6°L% — - ..
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ACF of MA(1)
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? ¢ 9

(,6+T)e = (T)d
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